Abstract-We present a simple and systematic way of designing stabilization fuzzy PID (Proportional-Integral-Differential), PI (Proportional-Integral), and PD (Proportional-Differential) controllers for the T-S fuzzy model. The state space representations of the fuzzy PD, PI, and PID controllers are firstly presented. Then we equivalently transform the fuzzy PID (PI, or PD) control system into the fuzzy static output feedback control system. The fuzzy static output feedback controller design for the latter system can be efficiently solved via the existing numerical optimization methods with some conservatism. Consequently, the fuzzy PID (PI, or PD) controller can be derived due to the one-on-one correspondence between the fuzzy PID controller and the fuzzy static output feedback controller. We use a numerical simulation example to show the effectiveness of our proposed methods.
I. INTRODUCTION (HEADING 1)
The PID (Proportional-Integral-Derivative) controllers have been widely applied in over 90% of the industrial applications, since they can provide remarkable control performances at the acceptable costs [1] . In order to achieve good performances for nonlinear systems, the traditional PID controllers have been generalized to the nonlinear ones, for example, fuzzy PID controllers [2] . There are two main types of fuzzy PID controllers, i.e., Mamdani type and T-S type. For a Mamdani fuzzy controller, both of the antecedent and consequent parts of the fuzzy rules are characterized by linguistic terms. In contrast, the consequent parts of a T-S fuzzy controller are analytical functions. Frankly speaking, there is no essential difference between the two types of controllers. They tune the coefficients of the PID controller according to the different mechanisms.
The design approaches of the fuzzy PD (ProportionalDifferential), PI (Proportional-Integral) and PID controllers have been extensively developed and explored in the existing literature. In [3] , based on the small gain theorem, the stability of a type of Mamdani fuzzy PID control system is analyzed in sense of BIBO (Bounded-Input-Bounded-Output) stability. In [4] , the authors used a describing function method to analyze the stability of Mamdani fuzzy PD and PI control systems. In [5] , a self-tuning mechanism is proposed for the Mamdani fuzzy PI and PD controllers to resist sudden load disturbance. Comparisons between the proposed fuzzy PI controllers and Ziegler-Nichols-tuned PID controllers demonstrate that the former outperforms the latter with regard to various performance indexes. The Genetic Algorithms (GAs)-based method is used to design Mamdani fuzzy PI+PD controller in [6] . It is reported in [7] that a Mamdani fuzzy PI-like (fuzzy PD controller plus an integrator) controller can be effectively used in the milling process, and the stability is guaranteed by the circle criterion. Parallel to the Mamdani fuzzy PID control systems, T-S fuzzy PID control systems have been investigated as well. Based on the circle criterion, the stability conditions for the T-S fuzzy proportional and fuzzy PI control systems are proposed and explored in [8] and [9] , respectively. The analytical structures of T-S fuzzy PD and PI controllers are examined in [10] , and the BIBO stability condition is given on the basis of the small gain theorem. In [11] , the conventional PI controller is used to control the T-S fuzzy model-based nonlinear system. The coefficients of the controller can be derived via LMIs (Linear Matrix Inequalities). It is reported in [12] that the fuzzy PID controllers can step up the transient responses of permanent magnet synchronous motor drive control systems. Although significant work has been devoted to the fuzzy PID controller design, there are still not enough rigorous theoretical methods for the fuzzy controller design, i.e., how to design fuzzy PID controllers for nonlinear systems with assured stability?
We focus on how to systematically design the fuzzy PD, PI, and PID controllers for the nonlinear systems. The state space representations of the fuzzy PD, PI, and PID controllers are firstly presented. Next, the fuzzy PID control system is equivalently transformed into the fuzzy static output feedback (SOF) control system. Since there is one-on-on correspondence between the fuzzy PID controller and the SOF controller, the design of fuzzy PID controller equals to the problem of designing fuzzy SOF controller. The latter problem can be efficiently handled by using some existing numerical optimization methods [13] .
We introduce the T-S fuzzy model, the fuzzy PD, PI, and PID controllers and their state space representations in Section 2. In Section 3, the design of the fuzzy PD, PI, and PID controllers for the T-S fuzzy control systems is developed. In Section 4, we give a numerical simulation example is to show the effectiveness of the presented methods. At last, we give some remarks and conclusions in Section 5.
Notations:
n \ is used to denote the n -dimensional Euclidean space. 
II. PRELIMINARIES

A. The introduction of T-S fuzzy model
Assume that the nonlinear system to be stabilized can be approximated by the following T-S fuzzy model 
B. State space representations of fuzzy PID controllers
The following PDC (Parallel Distributed Compensation) fuzzy PID controller is used here to control the system (1)
is the output of each local controller. In the frequency domain, all the local linear controllers can be expressed as follows:
where s is the complex number frequency; W is a known positive scalar; , ,
are coefficients of the proportional, integral and differential terms, respectively; matrices
Without difficult computation, it can be seen that a state space representation of (2) is as follows:
is the state of the local controller, and
In other words, U is a permutation matrix such that The state space realization of the fuzzy PID controller (4) can also be generalized to fuzzy PI, PD controllers. The state space realization of a fuzzy PI controller can be written as follows: 
Similarly, the state space realization of a fuzzy PD controller can be described by 
III. MAIN THERETICAL ANALYSIS RESULTS
The fuzzy PD, PI, and PID controller design methods will be presented to stabilize the T-S fuzzy model (1) . In order to achieve our objective, the stabilization of the fuzzy PID (PD or PI) control systems is equivalently transformed into the problem of stabilizing the fuzzy SOF control systems. In the following, we use x and u to represent ( ) t x and ( ) t u , respectively. 
A. System transformation
Remark 3:
Obviously, the dynamical characteristics are not changed with the transformation. Therefore, the original system and the transformed system have the same stability conditions.
B. Stability analysis
Substituting (10) into (9), we obtain ( )
A B K C x . We use the quadratic Lyapunov candidate function
x P x , ! P 0 , to perform the stability analysis. The derivative of ( ) V x is as follows:
Apparently, if
the system is stable.
Note that inequality (11) is nonconvex due to the product terms between variables j K and P . To circumvent the problem, the method introduced in [21] is employed. Assume that RC CP , and let
and [ ]
and R is a matrix with appropriate dimensions, then we can rewrite (11) as follows:
where He{ } ij i i j ȍ A P B L C . Summarizing the above analysis and using the techniques of [14] to handle the fuzzy summation inequality (13), we have Theorem 1 for the stability analysis of the fuzzy PID control system.
Theorem 1:
The fuzzy PID control system (which consists of (1) and (4)), where 0 W ! is previously known, is stable if there exist matrices T ! P P 0 , R , and
, ii ȍ 0 (15)
pd j D can be defined in the same way), then the parameters of the fuzzy PID (PD or PI) controller can be derived by (3) ((6), or (8)).
Remark 4:
The matrix R is always invertible because the matrix C as well as matrix CP is of full row rank.
Remark 5:
It is noted that there exist product-terms of j K and R in (13) (see (12)). Because It is worth mentioning that solving conditions (14)- (16) is actually an SDP (Semi-Definite Programming) problem. The MATLAB Toolbox YALMIP is used here, which can recognize and solve SDP problems efficiently Corollary 1: The fuzzy PID control system (which consists of (1) and (4) 
IV. AN EXAMPLE
We present a numerical simulation example of [15] to show the effectiveness of the proposed design methods. In this example, the T-S fuzzy model has two rules. The fuzzy logic rules are as follows: 
The membership functions are defined as follows: 
